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The QCD-inspired constituent quark potential model is employed to derive the pion-pion interacting poten-
tial by means of the resonating group method. In the derivation, we start from the t-channel one-gluon
exchange potential and the s-channel one-gluon exchange potential we derived previously in the approximation
of orderv2/c2. Use of the derived pionic potential to calculate low-energy pion-pion elastic scattering phase
shifts leads to results which are in reasonably good agreement with the present experimental data.
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Motivated by the success achieved in studies of hadron
spectroscopy based on the QCD-inspired constituent quark
potential model@1,2#, there have been continued efforts to
derive hadron-hadron interactions at the quark-gluon level.
The first effort was concentrated on the nucleon-nucleon
(NN) interaction and led to an understanding that the short-
range repulsive core arises from the quark and gluon ex-
changes@3–5#, and even for the intermediate-range attractive
force, it is likely to be explained as a spatial distortion of the
three-quark clusters@6#. Subsequently, the nonrelativistic
quark potential model and the resonating group method@7#,
used widely in the study ofNN interactions, were applied to
investigations of theK1N interaction@8# andpN interaction
@9#. The results given in these investigations are, qualita-
tively, compatible with experiments. In recent years, the
study of meson-meson interactions has attracted more inter-
est. In this study, Weinstein and Isgur proposed a variational
approach based on the quark potential model@10#. Using this
approach, they obtained an effective potential between two
pseudoscalar mesons and found weakly boundK̄K mol-
ecules. Meanwhile, Barnes and Swanson developed a Born
order diagrammatic technique within the quark potential
model to evaluate the interaction potentials and elastic scat-
tering phase shifts for some special meson systems such as
pp, pK, etc. The results they obtained seem to be in re-
markably good agreement with the experiment@11,12#.

The quark potential model used in the aforementioned
works, usually, is composed of one-gluon exchange poten-
tials ~OGEPs! plus a confining potential. If we are limited to
study interacting systems such as
NN, p1p1, K1K1, p1K1, and similar others, because no
quark-antiquark pair (qq̄) annihilation appears, it is only
necessary to start from the t-channel OGEP. However, for
studying other interacting processes of the systems such as
pN, p1p2, and KK̄ in which the qq̄ annihilation is in-
volved, the s-channel OGEP is necessary to be incorporated
in the quark potential model. In our previous work@13#, a
complete expression of the s-channel OGEP was derived in
the approximation of orderv2/c2. This OGEP may yield
attractive hadronic potentials when the constituent quark
masses take values commonly used in hadron spectroscopy.
In this paper, we confine ourselves to investigate thepp
interaction and low-energy elastic scattering based on the

quark potential model in which the one-gluon exchange po-
tentials are those we derived. Ordinarily, thepp scattering is
viewed as a complicated process. Apart from the t-channel
and s-channel gluon exchanges, the t-channel resonance ex-
change and s-channel resonance production probably also
contribute to the process. In this paper, we do not consider
the latter two mechanisms. The reason is apparent. The t-
channel resonance exchange such as pion exchange, we
think, would not be present inpp scattering. The s-channel
resonance, according to the quark model, is formed by the
underlying interaction which is already included in the
model used. Therefore, if the contribution from the interme-
diate resonance production is also taken into account, we
would face the double counting problem. As one knows, the
microscopic mechanisms of thepp interaction for different
isospin channels are different. In theI 52 channel, as dis-
cussed in Ref.@11#, the t-channel gluon exchange dominates
only, while for I 50,1 channels, the s-channel one-gluon ex-
change takes part in the interaction and gives an even more
important contribution to the scattering process than the t-
channel one-gluon exchange. In this paper, we will pay at-
tention mainly to the scattering in theI 50,1 channels which
have not been discussed within the potential model in the
previous literature. First, we derive the pionic potential from
the underlying quark and/or antiquark interactions by means
of the resonating group method. In this method, the two-pion
system is treated as twoqq̄ clusters. Each cluster is a color
singlet and of spin zero and isospin one. The wave function
of the system is usually written, in momentum space, in the
form

c5E d3rF~pW 1 ,pW 2 ,pW 3 ,pW 4 ;rW ! f ~rW !, ~1!

wheref (rW ) is a function describing the relative motion of the
two qq̄ clusters andF(pW 1 , . . . ,pW 4 ;rW ) is the basis wave
function for the four-particle system. The latter function is
chosen to be

F~pW 1 , . . . ,pW 4 ;rW !5AxSIC~1,2,3,4!R~pW 1 , . . . ,pW 4 ;rW !, ~2!

wherexSIC(1,2,3,4) stands for the spin, isospin, and color
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wave functions,R(pW 1 , . . . ,pW 4 ;rW ) the spatial wave function
constructed from the lowest-lying harmonic oscillator states
of the four particles, andA symbolizes the antisymmetriza-
tion operatorA512P132P241P13P24; here, Pi j are the
interchange operators. This operator simultaneously ensures
the total wave function to be symmetric under the inter-
change of two pions.

The interaction potential for the four-particle system is
given by

V5 (
i , j 51

4

Vi j . ~3!

In our model,Vi j is taken to be

Vi j 5Vi j
t 1Vi j

s 1Vi j
c , ~4!

whereVi j
t ,Vi j

s , andVi j
c , respectively, stand for the t-channel

OGEP, the s-channel OGEP, and the confining potential. The
t-channel OGEP is chosen to be@13#

Vi j
t 5

4pasĈi j
t

uqW 2kW u2 H 12
PW 2

4m2
1

qW •kW

m2
1

i

8m2
@pW 3~qW 2kW !#•~sW i2sW j !1

3i

4m2
~qW 3kW !•~sW i1sW j !

2
1

6m2
~qW 2kW !2sW i•sW j1

1

4m2
~qW 2kW !2Ti j ~qW 2kW !J , ~5!

where

Ĉi j
t 55

l i
a

2

l j
a

2
S la*

2

la*

2
D , for qq~ q̄q̄!,

2
l j

a

2

l i
a*

2
, for qq̄,

~6!

is the color matrix,sW i is the i th-particle spin Pauli matrix,Ti j (qW 2kW ) the tensor force operator, andPW , kW , and qW the total
momentum and the relative momenta of the initial and final states, respectively. The s-channel OGEP is@13#

Vi j
s 5

pas

2m2
F̂ i j

s Ĉi j
s H 31sW i•sW j2

1

4m2
@2PW 218~qW 21kW2!#2

1

4m2
@PW 214~qW 21kW2!#sW i•sW j1

1

4m2
@PW 3~qW 2kW !#•~sW i2sW j !

1
1

4m2
@PW •sW i~qW 1kW !•sW j2~qW 1kW !•sW i PW •sW j14kW•sW j•qW •sW j14qW •sW i•qW •sW j #J , ~7!

where Ĉi j
s and F̂ i j

s are the s-channel color matrix and the
isospin operator, respectively:

Ĉi j
s 5

1

24
~l i

a2l j
a* !2, F̂ i j

s 5
1

2
~12tW i•tW j !. ~8!

Here tW i is the isospin Pauli matrix of thei th particle. The
confining potential may be chosen to be a linear one, a har-
monic oscillator one, or some other. For convenience, we
simply take the harmonic oscillator potential which is ex-
pressed in momentum space as

Vi j
c 5Ĉi j

t ~2p!3mv2¹k
2d3~qW 2kW !, ~9!

wherem is the reduced mass of the two interacting particles
andv the force parameter. With the wave function and the
potential given above, according to the well-known proce-
dure @7,8#, we can derive the resonating group equation
~RGE! satisfied by the functionf (rW ) from the Schro¨dinger

equation satisfied by the system of two quarks and two anti-
quarks and then convert the RGE to a Schro¨dinger-type
equation. In the Schro¨dinger equation, the pionic potential
generally is nonlocal and in our model it may be written as

V~RW ,RW 8!5Vs
D~RW ,RW 8!1Vs

ex~RW ,RW 8!1Vt
ex~RW ,RW 8!

1Vc
ex~RW ,RW 8!1Tex~RW ,RW 8!1ENex~RW ,RW 8!, ~10!

where the first term is called the direct term and the other
terms are exchange terms. From the color matrix elements,
one can see that the direct term only arises from the s-
channel OGEP because the color matrix elements of the
other potentials in Eq.~4! are zero. But all the potentials in
Eq. ~4! give contributions to the exchange term. The five
exchange terms in Eq.~10! are, respectively, given by the
s-channel OGEP, the t-channel OGEP, the confining poten-
tial, the kinetic energy, and the normalization function ap-
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pearing in the RGE. In our calculation, these potentials are
given exact and explicit expressions which are used to com-
pute the transition amplitude.

In order to test whether the potentials derived give a good
description of the interaction between two pions or not, we
calculate phase shifts of the low-energypp scattering and
compare the theoretical results with experiments. The calcu-
lation will be carried out in the Born approximation. As was
demonstrated in Ref.@11#, the Born order approximation can
reasonably describe hadron elastic scattering processes. In
this approximation and center of mass frame, the transition
amplitude of two-pion scattering is expressed as

Tji
I ~m!5E d3Rd3R8e2 ikW•RW V~RW ,RW 8!eikW8•RW 8. ~11!

The l th partial wave phase shift evaluated by this amplitude
is represented as

d1
I 52

Mk

16pE21

1

dmP1~m!Tji
I ~m!, ~12!

wherem5cosu, u is the scattering angle,M is the total en-
ergy of the two-pion system,k is the relative momentum of
the two pions,P1(m) is the Legendre polynomial ofl th rank,
and I designates the isospin. In our calculation, the QCD
coupling constant,as , the quark mass,mq , the size param-
eter of the harmonic oscillator,b, and the force strength of
the confining potential,v, are chosen to beas50.4, mq
50.33 GeV, b50.286 fm, andv50.8 GeV, which are
consistent with the values commonly used in the quark po-
tential model. The calculated phase shifts as well as the ex-
isting experimental data@14–18# are displayed in Figs. 1–4.
Figures 1 and 2 show a remarkably good fit of the theoretical
results to the experimental data in the range from threshold
to about 1 GeV for theI 50,2 channel S-wave phase shifts.
In Fig. 3, the theoretical phase shifts for theI 52 channel
D-wave scattering are qualitatively in good agreement with

the experimental ones, although the calculated result is
smaller than the experimental one@14#. The difference be-
tween both is less than 1°. As for the other partial-wave
phase shifts, the experimental data are rather poor and not so
definite@14–18#; so our results represented in Fig. 4 can only
be viewed as theoretical predictions which need to be veri-
fied by future experiments. From our calculations, it is found
that the underlying mechanism of each partial-wave scatter-
ing strongly depends on its isospin state, and even in the
same isospin channel the interaction origins for different
partial-wave scattering processes are, in general, different
from each other. In theI 50 channel, our calculation shows

FIG. 1. The theoretical and experimental phase shifts for the
ppI 50 channel S-wave scattering.

FIG. 2. The theoretical and experimental phase shifts for the
ppI 52 channel S-wave scattering.

FIG. 3. The theoretical and experimental phase shifts for the
ppI 52 channel D-wave scattering.
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that the S-wave phase shift is almost equal to that derived
from the s-channel OGEP since there is a partial cancellation
among the phase shifts given by the last four potentials in
Eq. ~10!. This fact indicates that the interaction arising from
the qq̄ annihilation and creation is dominant in theI 50
S-wave scattering and gives rise to an attractive pionic po-
tential as seen from the positiveness of the phase shift given
by the interaction. For the P-wave scattering, the phase shift,

we find, is only governed by the s-channel OGEP, while the
I 50 D-wave phase shift is merely given by the first three
potentials in Eq.~10!. For theI 51 channel scattering, since
the isospin matrix element in the last four terms in Eq.~10! is
zero whenI 51 and there is a cancellation between the first
two terms in Eq.~10! due to the fact that the isospin matrix
elements in both potentials have opposite signs, the phase
shifts are much smaller. That is why there are no experimen-
tal data to be found in the literature. For theI 52 channel
scattering, the isospin matrix elements in the first two poten-
tials in Eq. ~10! vanish; therefore, the phase shifts in this
channel are only determined by the interactions described by
the last four terms in Eq.~10!. Especially, only the potential
Vt

ex(RW ,RW 8) is responsible for the D-wave scattering.
Our calculated phase shifts show that the model used

manifests itself to be quite successful in reproducing the ex-
perimental data in the low-energy regime although the model
is simple, concerning only basic interactions for quarks and
antiquarks. Particularly, the incorporation of the s-channel
OGEP allows us in a consistent way to describe thepp
scattering for all isospin channels and gives a very good fit to
the S-wave scattering. Of course, in a more elaborate inves-
tigation, the model may be improved by considering higher-
order effects of QCD such as the two-gluon exchange poten-
tial and the renormalization correction as well as a more
sophisticated confining potential. In addition, the reasonabil-
ity of the model should be verified by more comprehensive
investigations on thepK, KK̄, pN, KN, and other hadron
scattering, which will be reported in the near future.
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FIG. 4. The calculated phase shifts for theI 50,1 channel P-
wave and D-wave scattering.
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