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Extensive investigation of pion-pion scattering in the quark potential model
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The QCD-inspired constituent quark potential model is employed to derive the pion-pion interacting poten-
tial by means of the resonating group method. In the derivation, we start from the t-channel one-gluon
exchange potential and the s-channel one-gluon exchange potential we derived previously in the approximation
of orderv?/c?. Use of the derived pionic potential to calculate low-energy pion-pion elastic scattering phase
shifts leads to results which are in reasonably good agreement with the present experimental data.
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Motivated by the success achieved in studies of hadroguark potential model in which the one-gluon exchange po-
spectroscopy based on the QCD-inspired constituent quatientials are those we derived. Ordinarily, ther scattering is
potential model1,2], there have been continued efforts to viewed as a complicated process. Apart from the t-channel
derive hadron-hadron interactions at the quark-gluon leveland s-channel gluon exchanges, the t-channel resonance ex-
The first effort was concentrated on the nucleon-nucleorfhange and s-channel resonance production probably also
(NN) interaction and led to an understanding that the shortcontribute to the process. In this paper, we do not consider
range repulsive core arises from the quark and gluon exthe latter two mechanisms. The reason is apparent. The t-
change$3-5], and even for the intermediate-range attractivech@nnel resonance exchange such as pion exchange, we
force, it is likely to be explained as a spatial distortion of thethink, would not be present im scattering. The s-channel
three-quark cluster§6]. Subsequently, the nonrelativistic "¢S0Nance, _accordl_ng to the q_uark model,_ IS formec_i by the
quark potential model and the resonating group mefffdd underlying interaction which is already included in the

used widely in the study dIN interactions, were applied to gg?eelrggggéggsre;cgéicgérr:eiscogltsr(')bl:gsgnfr%rz)tr;iégber:?s\;e
investigations of thé& * N interaction[8] and 7N interaction P '

[9]. The results given in these investigations are, qur:llitayv(.)UId facg the doubl_e counting pr_oblem. .AS one knows, the
tively, compatible with experiments. In recent years, the/1icroscopic mechamsms of ther interaction for d'fferef“
study of meson-meson interactions has attracted more inte@fssspe'g ﬁ] h;r;?[elli] a}[rhee ctifgfﬁ;?]r:é”nﬂgi ixiuzr;nzl’ dirsnidnl Z’Ees
est. In this study, Weinstein and Isgur proposed a variationa(cf)nI while forll _6 1 channels tr?e s-channel gne— luon ex-
approach based on the quark potential m¢die]. Using this Y, - ' 9

approach, they obtained an effective potential between tWShange takes part in the interaction gnd gives an even more
— Important contribution to the scattering process than the t-
pseudoscalar mesons and found weakly bo#il mol-  cpannel one-gluon exchange. In this paper, we will pay at-

ecules. Meanwhile, Barnes and Swanson developed a BOianiion mainly to the scattering in the=0,1 channels which
order diagrammatic technique within the quark potentialyaye not heen discussed within the potential model in the
model to evaluate the interaction potentials and elastic sCayeyjoys literature. First, we derive the pionic potential from

tering phase shifts for some special meson systems such g% | nderlying quark and/or antiquark interactions by means
m, mK, etc. The results they obtained seem to be in reyf the resonating group method. In this method, the two-pion

markably good agreement with the experimgit, 12, . éystem is treated as tv\qﬁ clusters. Each cluster is a color

works, usually, is composed of one-gluon exchange potens_lnglet and of spin zero and isospin one. The wave function

tials (OGEPS$ plus a confining potential. If we are limited to grtmhe system is usually written, in momentum space, in the
study interacting systems such as

NN, 7% 7%, K"'K*, #7K™, and similar others, because no

quark-antiquark pair dg) annihilation appears, it is only :f d3p®(py,P0.P3.pa:p)f(p), (1)
necessary to start from the t-channel OGEP. However, for v PP(P1.P2.Pa.Paip)(p

studying other interacting processes of the systems such as

#N, 7=, and KK in which the qq annihilation is in-  wheref(p) is a function describing the relative motion of the
volved, the s-channel OGEP is necessary to be incorporata@,o qq clusters and®(p,, .. .,ps;p) is the basis wave
in the quark potential model. In our previous wdri3], a  function for the four-particle system. The latter function is
complete expression of the s-channel OGEP was derived ifhosen to be

the approximation of ordev?/c?. This OGEP may vyield

attractive hadronic potentials when the constituent quark . - s e - I

masses take values commonly used in hadron spectroscop(?.(pl’ o Pa;p) =Ax"(1,2,34R(Py, - - - Pasp), 2

In this paper, we confine ourselves to investigate the

interaction and low-energy elastic scattering based on thahere x°'“(1,2,3,4) stands for the spin, isospin, and color
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wave functionsR(p, . .. ,ps;p) the spatial wave function 4

constructed from the lowest-lying harmonic oscillator states V:i<'2—1 Vij - ©)
of the four particles, and symbolizes the antisymmetriza- o

tion operatorA=1—P;3— Py,+P13P,; here, P;; are the In our modelV;; is taken to be

interchange operators. This operator simultaneously ensures

t S C
. . A =V 4V 4+ VS
the total wave function to be symmetric under the inter- Vi =Vt VitV @

ij

change of two pions. whereV! Vi, andVj, respectively, stand for the t-channel
The interaction potential for the four-particle system isOGEP, the s-channel OGEP, and the confining potential. The
given by t-channel OGEP is chosen to pE3]

1 . -, o 1 . - 5 I
_R(q_k) Ui'Uﬁ'm(q_k) Tij(qa=k) ¢, (5
where
)\_?)\_? Ei forqq(q_q)
et 2 2\2 2/ ' ®
) NN for qq,
2 2 ) Qq!

is the color matrix,(}i is the ith-particle spin Pauli matrixTij(ﬁ—IZ) the tensor force operator, am K, andﬁ the total
momentum and the relative momenta of the initial and final states, respectively. The s-channel QGHP is

TAg A

e U A O S
vf}:ﬁF?jc?j 3+cri~a'j—W[ZP2+8(q2+k2)]—W[P2+4(q2+k2)]a—i'crj+R[Px(q—k)]-(ai—(rj)

O I e e s o
+m[P~O’i(q+k)~(T]‘_(q+k)-O'iP~0'j+4k'0'j'Q'O’j+4Q'O'i'Q'O'j] , (7)

where C and F;; are the s-channel color matrix and the €quation satisfied by the system of two quarks and two anti-
isospin operator, respectively: quarks and then convert the RGE to a Sdimger-type
equation. In the Schdinger equation, the pionic potential
. 1 .1 - . generally is nonlocal and in our model it may be written as
cisj:ﬁ(x?—)\ja*)z, Fszz(l—ri-q). (8)

. S PRY=\/D(B B/ exX B B/ exX P B/
Here 7; is the isospin Pauli matrix of theh particle. The VRR)=VS(RROFVIARR)+VARRY
confining potential may be chosen to be a linear one, a har-

monic oscillator one, or some other. For convenience, we
simply take the harmonic oscillator potential which is ex-

+VP(R,R)+TR,R)+ENR,R), (10

pressed in momentum space as where the first term is called the direct term and the other
o s pera s - terms are exchange terms. From the color matrix elements,
Vii=Gjj(2m)°poVis*(q—k), (9 one can see that the direct term only arises from the s-

channel OGEP because the color matrix elements of the
where is the reduced mass of the two interacting particlespther potentials in Eq4) are zero. But all the potentials in
and w the force parameter. With the wave function and thegq. (4) give contributions to the exchange term. The five
potential given above, according to the well-known proce-exchange terms in Eq10) are, respectively, given by the
dure [7,8], we can derive the resonating group equations-channel OGEP, the t-channel OGEP, the confining poten-
(RGE) satisfied by the functiori(p) from the Schrdinger tial, the kinetic energy, and the normalization function ap-
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FIG. 1. The theoretical and experimental phase shifts for the 400_3 04 05 06 07 08 09 10 11 12 13 14 15 16

7l =0 channel S-wave scattering. M_(GeV)

p_earlng in the RGE. .Ir.' our calcglanon, _these potentials are FIG. 2. The theoretical and experimental phase shifts for the
given exact and explicit expressions which are used to com- 5 hannel S-wave scattering.
pute the transition amplitude.
In order to test whether the potentials derived give a goo . .
description of the interaction between two pions or not, we(z%he experimental ones, although the calc_ulated result is
. . smaller than the experimental ohg4]. The difference be-
calculate phase shifts of the low-energyr scattering and

compare the theoretical results with experiments. The calcfveen both is less than 1°. As for the other partial-wave

lation will be carried out in the Born approximation. As was ggﬁ;’ﬁes[qitfig]_esgxgjrngsemzlrgatg:erﬁtfg?ﬂ:?ool 222 ch]r?It SO
demonstrated in Ref11], the Born order approximation can ! P 9. y

reasonably describe hadron elastic scattering processes.’z‘ﬁ} viewed as theoretical predictions which need to be veri-
t

this approximation and center of mass frame, the transitio 'e:t ?Kgujzéiﬁxi%er'mgcnﬁzn'fsr%mo?g;galCﬂﬁ?g[‘;&%ig&?&_
amplitude of two-pion scattering is expressed as ying P

ing strongly depends on its isospin state, and even in the

e same isospin channel the interaction origins for different

T}i(,u)=f d*RPR’ e RV(R,R")eX R, (11)  partial-wave scattering processes are, in general, different
from each other. In thé=0 channel, our calculation shows

Thelth partial wave phase shift evaluated by this amplitude

is represented as ™
| Mk (1 | *
61=— @fﬁldﬂpl(ﬂ)ﬂi(ﬂ), (12 r L
[]
whereu=cod, 6 is the scattering anglé is the total en- 2} I L] E

ergy of the two-pion systenk is the relative momentum of
the two pionsP;(u) is the Legendre polynomial ¢th rank,
and | designates the isospin. In our calculation, the QCD 3
coupling constantg, the quark massyy, the size param-
eter of the harmonic oscillatoh, and the force strength of
the confining potentialw, are chosen to ber;=0.4, m,
=0.33 GeV, b=0.286 fm, andw=0.8 GeV, which are
consistent with the values commonly used in the quark po- s}
tential model. The calculated phase shifts as well as the ex-
isting experimental datfl4—1§ are displayed in Figs. 1-4.
Figures 1 and 2 show a remarkably good fit of the theoretical

PR PR RPN RPN BEPUR SPUR SEPI BEPUN SEPEN SR SR P R
03 04 05 06 07 08 09 10 11 12 13 14 15 16

&

results to the experimental data in the range from threshold M_(GeV)
to about 1 GeV for thé =0,2 channel S-wave phase shifts. i
In Fig. 3, the theoretical phase shifts for the 2 channel FIG. 3. The theoretical and experimental phase shifts for the

D-wave scattering are qualitatively in good agreement withz#z1=2 channel D-wave scattering.
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2 we find, is only governed by the s-channel OGEP, while the
I=0 D-wave phase shift is merely given by the first three
potentials in Eq(10). For thel =1 channel scattering, since
the isospin matrix element in the last four terms in Bd) is
1k , zero whenl =1 and there is a cancellation between the first
3 two terms in Eq.(10) due to the fact that the isospin matrix
elements in both potentials have opposite signs, the phase
! shifts are much smaller. That is why there are no experimen-
tal data to be found in the literature. For the 2 channel
°r & scattering, the isospin matrix elements in the first two poten-
tials in Eg. (10) vanish; therefore, the phase shifts in this
channel are only determined by the interactions described by
the last four terms in Eq10). Especially, only the potential
VEX(R,R’) is responsible for the D-wave scattering.

Our calculated phase shifts show that the model used
manifests itself to be quite successful in reproducing the ex-
perimental data in the low-energy regime although the model

2 L L L 1 L L L is simple, concerning only basic interactions for quarks and
02 04 08 08 1.0 antiquarks. Particularly, the incorporation of the s-channel
M_(GeV) OGEP allows us in a consistent way to describe the

. scattering for all isospin channels and gives a very good fit to
FIG. 4. The calculated phase shifts for the 0,1 channel P-  the S-wave scattering. Of course, in a more elaborate inves-
wave and D-wave scattering. tigation, the model may be improved by considering higher-

that the S-wave phase shift is almost equal to that deriveﬁrder effects of QCD such as the two-gluon exchange poten-

from the s-channel OGEP since there is a partial cancellationaI and the renormalization correction as well as a more
P sophisticated confining potential. In addition, the reasonabil-

among the phase shifts given by the last four potentials in o X
Eq. (10). This fact indicates that the interaction arising from lty of the model should be verified by more comprehensive

the qq annihilation and creation is dominant in the=0 investigations on therk, KK, @N, KN, and other hadron

) . ) . o scattering, which will be reported in the near future.
S-wave scattering and gives rise to an attractive pionic po-

tential as seen from the positiveness of the phase shift given This project was supported in part by the National Natu-
by the interaction. For the P-wave scattering, the phase shiftal Science Foundation of China.
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